Abstract. This note gives an example of a topological cancellative abelian metrizable semigroup without any translation invariant metric, hence showing that semigroups behave in this respect differently from groups [1] .
If 5, + is a semigroup and p a metric on S, p will be called left-invariant if p(s + x, s + y) = p(x, y) whenever s, x, y E S; right-invariant if always p(x + s, y + s) = p(x, y); and invariant if it is both left and right invariant. If T is a topological space and p a metric on T we shall say that T admits p if the p-topology of T agrees with its original topology.
In [1] Victor Klee solved a problem of Banach showing that a Hausdorff topological group which is abelian metrizable and topologically complete admits a translation invariant metric under which it is complete. In this note we show that this is not always true for cancellative semigroups. Note that any topological semigroup which admits an invariant metric is necessarily cancellative (for if x,y, z E S and x + y = x + z then p(x + y, x + z) = 0 and p(y, z) = 0, which implies y =■ z, i.e. S is cancellative). Therefore no semigroup which is noncancellative can admit a translation invariant metric. The example we give here is of a Hausdorff topological cancellative metrizable abelian semigroup without any translation invariant metric.
Construction of a semigroup. There exists an uncountable well-ordered set fi in which every initial segment Ix = {y E ü: y < x} is countable. Any countable set A <Z fi has a strict upper bound in fi, hence has a least strict upper bound lsub(yi).
Give fi X fi the dictionary order, in which (x, y) < (z, w) means either x < z or both x = z and y < w. This is a well ordering of fi X fi. A function / can be defined from fi X fi into fi by requiring for each x, y E fi that PRZEMYSLAW KRANZ AND MAI-GUO x + y = f(x,y) for x, y G fi; + is a binary operation on fi. We want to show that fi, + is a cancellative commutative semigroup. Suppose there were elements a, b E fi with a + b ¥= b + a. Then {a: 3 b with a + b ^ b + a} has a smallest element x, (ft: x + b ^ b + x) has a smallest member y. Suppose a < x, ft < y, and (a, ft) ^ (x, y). Then either a < x or both a = x and ft < y, and in either case a + b = 6 + a. So x + y = lsub (a + ft) = lsub (ft + a) = y + x,
a contradiction. Thus a + b = b + a. Suppose a < x and ft < y. Then a + ft < x + y, equality holding only when a = x and ft = y. In particular, x + ft < x + y when ft < y, and a + y < x + y when a < x. This implies addition is cancellative. With the product topology each Gx is a countable product of copies of E, and therefore a compact metrizable group. Gx c Gy for x < y. Let S = (Jxea{x} X Gx. S CÜX H.ln S define (x,y) + (v, u) = (x + v,y + u), where x + v is computed in fi and y + u in Gx+V, which contains Gx and G" as subsets. Give S the topology of the discrete union of the sets {x} X Gx, each of which is taken to be homeomorphic to Gx. S will then become a T2 topological semigroup. S is commutative, cancellative and locally metrizable. In fact S is a discrete union of metrizable subsets, so it is metrizable. And in S each translation maps S homeomorphically onto its image.
Suppose the topology of 5 were derivable from a metric p invariant under translation. Define a metric px in each Gx by px(u, v) = p((x, u), (x, v)). The topology of px is just the original topology of Gx. By invariance,
So px(u, v) = px+y(u, v) for all u, v E Gx. This implies Gx is a metric subspace of Gx+y. If x < y then Gx Q Gy Q Gx+y «■ Gy+X, so Gx is a metric subspace of Gr For x G fi define ux E H by wx(y) = 5^; ux E Gx. Let rx = px(0, ux).
Obviously rx > 0. If fi" = {x G fi: rx > \/n), then U"=iß" = fi, so some fit is infinite. Take a countable infinite set P Ç Qk, and let y be an upper bound of P. Say P = (x,, x2, x3, . . . }. G^ Ç G^,, «^ E Gy = WaSiyE X na>>,{0}. For each a < y the sequence ux^(a) is all zeros, with at most a single exceptional term when x" = a, so w^ (a) -» 0 as n -» oo. Since each component of t^ converges, we have ux ->0 in the product space Gy. So py(0, uxJ^0. But ^,(0, uXn) = pxfi), x") = rXn > \/k for all n, since x" E P E Qk. This contradiction shows that no such metric as p can exist on S.
